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Abstract

In this talk we introduce the confinement into the kernel of the BFKL
equation, assuming that the sizes of produced dipoles cannot be large.
The goal of this talk is to share with you our study how this assumption,
which leads to a correct exponential decrease of the amplitude at large
impact parameters, affects the main properties of the BFKL Pomeron.
We solve the equations for total cross section and 〈|b2|〉 numerically and
developed some methods of analytical solutions. The main result is that
the modified BFKL Pomeron has the same intercept and α

′
IP = 0 as the

BFKL Pomeron. It gives us a hope that the unknown confinement will
change only slightly the equations of the CGC/saturation approach

PACS number(s): 12.38-t, 12.38.Cy,1 2.38.Lg, 13.60.Hd, 24.85.+p, 25.30.Hm

1 Introduction

In this talk we discuss briefly the results of our paper (see Ref.[1]) in which
we address the but still unsolved problem in the CGC/saturation approach[2]
: large impact parameter dependence of the scattering amplitude.It was shown
in Ref.[3] that CGC/saturation approach that leads to the partial amplitude
smaller than unity and satisfies the unitarity constraints, generates the radius
of interaction that increases as a power of energy in explicit contradiction to
the Froissart theorem[4]. It stems from large b behaviour of the BFKL Pomeron
which has the form: A (b≫ 1/Qs) ∝ s∆/b2. Amplitude A (b≫ 1/Qs) be-
comes of the order of unity at typical b2 ∝ s∆ leading to σ ∝ s∆ in the
contradiction to the Froissart theorem (σ ∝ ln2 s). The power-like
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dependence of the scattering amplitude is a direct consequence of the pertur-
bative QCD technique which is a part of the CGC/saturation approach. Since
the lightest hadron (pion) has a finite mass (mπ) we know that the amplitude is
proportional to exp (−2mπ b) at large b. This exponential behaviour translates
into Froissart theorem. Therefore, we have to find how confinement of quarks
and gluons being of non-perturbative nature, will change the large b behaviour
of the scattering amplitude in the region where this amplitude is small. Without
solving this problem the CGC/saturation approach cannot be considered as self
consistent effective theory for high energy QCD.

During the past decade numerous attempts (see our paper [1] for references)
have been made to solve this problem without decisive result. However we
learned several lessons from these tries: (i) the confinement of quarks and gluon
have to be included in the BFKL kernel (to include in the initial conditions is
not enough); (ii) suppressing large sizes of the produced dipoles in the decay of
one dipole to two dipoles we reproduce correct b-dependence; and since at large
b the amplitude is small we do not need to take into account the non-linear
corrections.

Therefore, corrections from confinement have to be included in the kernel of
the BFKL equation:

∂N (x10, b, Y )

∂Y
= ᾱS

∫

d2x12K (x12, x20|x10)

×
{

2N

(

x12,~b−
1

2
~x02;Y

)

− N (x10, b;Y )
}

(1)

where kernel K describe the decay of one dipole to two dipoles (x10 →
x12 + x02). We solve this equation with the modified BFKL kernel:

K (x12, x20|x10) =
x210

x212 x
2
02

e−B(x2

12
+x2

02) (2)

The motivation for this behaviour of the wave function of a dipole in the confine-
ment region stems from the Gaussian-like form of the wave functions of mesons
in holographic AdS/QCD approach as well as in the phenomenology of the gluon
emission at long distances. However, we will argue in conclusions that the main
results of this paper do not depend on the particular form of Eq. (2).

2 Summary of the results

Since the lack of the room in this short version of the talk we start with the
discussion of the main results of the paper.

1. The scattering amplitude

N (x10, b, Y )
Bb2 ≫ 1
−−−−−→ e−4B b2 (expected);
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Figure 1: 〈|b2|〉 versus Y for the mod-
ified (upper curve) and for the bare
BFKL pomeron

2. N (x10, b, Y )
Y ≫ 1
−−−−→ eω0Y with ω0 = ωBFKL (unexpected !!!);

3. 〈|b2|〉 = Constant (Y) ( expected);

4. Saturation scale Q2
s ∝ eλY

λ = λBFKL ( expected);

5. The modified BFKL Pomeron looks similar to the Pomeron in N=4 SYM[5]
and in high energy phenomenology[6]: ∆IP ∼ 0.3; α′

IP = 0 (unexpected).

We postpone the discussion of the point 2 to the next section and briefly outline
the results which were expected.

Large b behaviour of the amplitude.The large b behaviour of the am-
plitude, we can derive directly from Eq. (1) . Indeed, one can see that the main

contribution at large b stems from the region where |~b − ~x12| ≤ x10. At such
x12 the equation takes the form

∂N (x10 ≈ 2b, b;Y )

∂Y
= (3)

4ᾱS

∫

d2x12
4b2

e−4B b2−B x2

12 2N (x12, 0;Y ) ∝ e−4B b2

〈|b2|〉 dependence versus Y. The general origin of the energy dependence
of 〈|b2|〉 was found by Gribov[7] (Gribov’s diffusion) and it stems from the
uncertainty principle, that at each emission the shift in impact parameter (∆b
) is proportional to 1/pT where pT is the average transverse momentum of
emitted parton (gluon). In the parton model pT is a dimensional scale of the
model that does not depend on energy (rapidity) of the parton. In this case
after n emission the average shift in b is equal to 〈b2〉n ∝ ∆b2 n and since
n ∝ ln s (s is the energy) we have the well known result that the interaction
radius R2 ∝ ln s. However, in QCD pT increases with Y (energy) and after
first several emission it becomes so large that we can neglect that shift in b.
Our numerical calculation shows that, indeed, 〈|b2|〉 is constant at large Y (see
Fig. 1). Saturation scale. The energy behaviour of the new dimensional scale
(saturation moment) can be found from the linear equation (see Ref.[2]). This
scale is the solution of the equation

4

Q2
s (Y )

N

(

2

Qs (Y )
;Y

)

= N0 ≤ 1 (4)
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where Qs (Y ) is the solution to Eq. (4), ver-
sus Y for different values of N0. ᾱS = 0.2.
The red lines correspond to solution of the
BFKL equation, the solid dark brown line
describes the theoretical predictions for the
saturation scale for the BFKL equation while
the blue line is the solution to Eq. (4) for the
modified BFKL equation.

whereN0 is a constant. Fig. 2 shows that the modified BFKL equation generates
the same saturation momentum which is close to the theoretical predictions.

3 The intercept of the modified BFKL Pomeron

In this section we wish to discuss the main result of our approach: the intercept
of the modified BFKL Pomeron turns out to be the same as the BFKL Pomeron.
Going to ω-representation (N (x01;Y ) =

∫

dω
2πie

ωY Nω (x01)) one can see that
the modified BFKL equation takes the form

ωNω (x01) = − ᾱSHNω (x01) (5)

or
ENω (x01) = H Nω (x01) (6)

For finding the eigenfunctions and eigenvalues of Eq. (6) we need to specify
the boundary conditions. At short distances Eq. (2) has the same form as the
BFKL kernel and, therefore, we have

Nω (x01)
x2

01
≪1/B

−−−−−−→ NBFKL
ν (x01) =

(

1

x201

)
1

2
+iν

(7)

Note that the BFKL spectrum is

E (ν) = 2ψ (1)− ψ

(

−
1

2
+ iν

)

− ψ

(

1

2
− iν

)

(8)

For long distances the confinement modification of the kernel does not allow
for dipoles to have large sizes leading to the boundary condition

Nω (x01)
x2

01
≥1/B

−−−−−−→ Constant (9)

Theory estimates.

Variational method. It is well known that the energy of the ground state is
less or equal to

Eground ≡ −ω0 ≤ F [{N}] (10)
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Figure 3: Comparison of ω (γ) = 1

2
+

iν = Fmin[{N}] with ωBFKL given by
Eq. (8).

where F [{N}] is the following functional

F [{N}] =

〈

N∗(x01)
∣

∣

∣
H
∣

∣

∣
N(x01)

〉

〈

N∗(x01)
∣

∣

∣
N(x01)

〉

Choosing the set of the BFKL functions of Eq. (7) which is the complete and
normalized set of functions, we find that Fmin[{N}] = ωNFKL = 4 ln 2 ᾱS( see
Eq. (8) at ν = 0 (see Fig. 3)

Therefore, the intercept of the modified BFKL equation could be only larger
or equal to the intercept of the BFKL one.

In our paper [1] we developed two theoretical approaches: semi-classical ap-
proach and diffusion approximation which show that the modified BFKL equa-
tion does not have an intercept larger than the BFKL one. However, due to lack
of room we cannot discuss these approaches here but they have been considered
in our paper[1].

Numerical calculations.

Solving numericall we face two problems:

1. The kernel is not Fredholm type
∫

d2x01d
2x12K (x12, x02|x01) =⇒ ∞

2. The kernel is singular at x12 → x01

We use the following checks of our numerical procedure:

1. Independence on the choice of xmin and xmax;

2. Numerical solution to the BFKL equation coincide with the analytic
one;

3. Independence on value of the regulator R;
∫

d2x13K
B
R (x12, x02|x10) N (x12;Y ) ≡

∫

d2x12
e−B(x2

12
+ x2

02)

x212 +R2

{

2N (x12;Y )

− 2
x210

x212 + x202 + 2R2
N (x10;Y )

}
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4. Independence on value of B;

The result is plotted in Fig. 4.
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4 Conclusions

We found out that the modified BFKL Pomeron has the same intercept ∆ as
the BFKL Pomeron ( ∆ = ωBFKL = 4 ln 2ᾱS) and α′

IP = 0. Therefore, the
BFKL Pomeron with the modified kernel reproduces the main features of the
soft Pomeron that has been found both from N=4 SYM theory[5] and from the
high energy Reggeon phenomenology[6].

Actually, we were surprised that the model for confinement changed so little
in the BFKL Pomeron and on qualitative level, the Pomeron that emerges from
the modified BFKL equation, looks quite the same at the BFKL Pomeron, both
in parameters and in character of the energy behaviour. It seems that the only
difference between the BFKL Pomeron and the modified BFKL Pomeron is that
the second has a correct large impact parameter behaviour.

We believe that this statement does not depend on the particular form of
Eq. (2). As we have mentioned the spectrum of the modified BFKL equation
is determined by Eq. (6) with two boundary conditions of Eq. (7) at short
distances and Eq. (9) at long distances. At first sight the condition at long
distances will restrict the values of ν in the comparison with the BFKL equation.
However, it is not the case. Indeed, the eigenvalues of the BFKL equation
is degenerate having two eigenfunctions with positive and negative ν. One
can see that we can find the sum of these two eigenfunction ( N (x12, ω) =
(

1/x212
)

1

2 sin
(

ν ln
(

1/(Bx212)
)

+ φ0
)

which is equal to constant (sinφ0) at x12 =
1/B. Therefore, at any ν we can satisfy the condition of Eq. (9). On the

other hand for ν = iκ (κ > 0) we have two eigenfunctions:
(

x212
)− 1

2
−κ

and
(

x212
)− 1

2
+κ

. The normalization condition selects out the only eigenfunction
(

x212
)− 1

2
+κ

which has no divergency at x12 → 0. Using this function we cannot
satisfy the condition at x12 → ∞ and, therefore, we have no solution of Eq. (6)
for ν = iκ. Hence, we expect that the spectrum for the modified Hamiltonian
will be the same as the BFKL spectrum.

The independence of the spectrum of the BFKL Pomeron on the models
for the confinement gives us a hope that the unknown confinement will change
only slightly the equations of the CGC/saturation approach and these changes
will not depend on the particular way of taking into account the long distances
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physics. In simple words, this paper gives a hope that the CGC/saturation
approach will be still a theory in spite of needed model modifications due to
confinement.
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